In this paper, the small scaling parameter e 0 of the nonlocal Timoshenko beam theory is calibrated for the free vibration problem of single-walled carbon nanotubes ͑SWCNTs͒. The calibration exercise is performed by using vibration frequencies generated from molecular dynamics simulations at room temperature. It was found that the calibrated values of e 0 are rather different from published values of e 0 . Instead of a constant value, the calibrated e 0 values vary with respect to length-to-diameter ratios, mode shapes, and boundary conditions of the SWCNTs. In addition, the physical meaning of the scaling parameter is explored. The results show that scaling parameter assists in converting the kinetic energy to the strain energy, thus enabling the kinetic energy to be equal to the strain energy. The calibrated e 0 presented herein should be useful for researchers who are using the nonlocal beam theories for analysis of micro and nano beams/rods/tubes.
I. INTRODUCTION
Recently, there has been great interest in the application of nonlocal continuum mechanics for the modeling and analysis of nanostructures such as carbon nanotubes, 1,2 carbon graphene sheets, 3 and quantum dots 4 embedded in semiconductor. Eringen's nonlocal elasticity 5 allows one to account for the small scale effect that becomes significant when dealing with micro-and nanostructures. However, the identification of the small scaling parameter e 0 in the nonlocal theory has not been fully understood. Wang and Hu, 1 who adopted the second-order strain gradient constitutive relation, proposed e 0 = 0.288 for the flexural wave propagation study in a single-walled carbon nanotube ͑SWCNT͒ through the use of nonlocal Timoshenko beam model and molecular dynamic simulations ͑MDSs͒. Eringen 5 himself proposed e 0 as 0.39 based on the matching of the dispersion curves via nonlocal theory for plane wave and Born-Karman model of lattice dynamics at the end of the Brillouin zone, ka= , where a is the distance between atoms and k is the wave number in the phonon analysis. On the other hand, Eringen proposed e 0 = 0.31 in his study on the comparison of the Rayleigh surface wave via nonlocal continuum mechanics and lattice dynamics. Zhang et al. 2 estimated e 0 Ϸ 0.82 from the buckling analysis of SWCNT via Donnell shell theory and molecular mechanics simulations. Zhang et al. 3 performed analysis of elastic interactions between Stone-Wales and divacancy defects on carbon graphene sheet. They concluded that the displacement field around defects obtained from the nonlocal continuum model and MDSs can match very well if e 0 is chosen to be 8.79. The varied values of e 0 prompted Wang 6 to state that the adopted value of the scaling parameter e 0 depends on the crystal structure in lattice dynamics and the nature of physics under investigation. He also estimated that the scale coefficient e 0 a Ͻ 2.0 nm for a SWCNT if the measured wave propagation frequency value is assessed to be greater than 10 THz. Although e 0 is a key parameter in the nonlocal elasticity theory, there is hitherto no rigorous study being made on estimating the scaling parameter e 0 for various physical problems.
In the present paper, we shall attempt to calibrate e 0 for the free vibration problem of SWCNT by using the nonlocal Timoshenko beam theory and MDSs performed at room temperature. Closed form solutions for free vibration of CNT of various boundary conditions using the nonlocal Timoshenko beam theory were recently derived by Wang et al. 7 By spe- Figure 1 shows the cross section of a ͑5, 5͒ armchair SWCNT. For such small beamlike structures, many researchers have applied the nonlocal elasticity concept for the bending, buckling and vibration analyses. 2, 6, [8] [9] [10] [11] [12] [13] Recently, Wang et al. 7 derived the closed form solutions for the free vibration problem of nanobeams using the nonlocal Timoshenko beam theory. The solutions may be specialized for CNT by assuming that it is a hollow cylinder, i.e., the CNT is viewed as a thin-walled circular tube.
II. CLOSED FORM VIBRATION SOLUTIONS FOR CNT USING NONLOCAL TIMOSHENKO BEAM THEORY
By substituting Eqs. ͑8͒ and ͑9͒ into Eq. ͑12͒ and then using the relationships between the constants C i and D i in Eq. ͑11͒, an eigenvalue problem may be defined where the characteristic equation is given by
By simplifying Eq. ͑16͒, the following compact form of characteristic equation is obtained:
The expression of characteristic equation for CF boundary condition is too lengthy and thus it is not shown. In order to understand the physical meaning of e 0 , the kinetic energy T and the strain energy U ͑normalized by EtdL͒ are given by
͑19͒
where
ͪd.
͑22͒
From Eqs. ͑18͒ and ͑19͒, it can be seen that e 0 ͑also ␣͒ manifests its effects on the vibration behavior in two ways. One way which is implicit is through ␤ and ␥ as shown in Eq. ͑10͒ that eventually affects the kinetic energy T and the strain energy U. The other way, which is explicit, is seen in the expression for the strain energies U 2 and U 3 given by Eqs. ͑21͒ and ͑22͒. In both ways, e 0 is related to ͑also kinetic energy T͒. Therefore physically e 0 distributes portion of the kinetic energy T to the strain energy U so that the kinetic energy balances the strain energy. This explanation will be substantiated by numerical simulations as shown in the next section.
III. MD CALIBRATION OF E 0 AND DISCUSSION
In order to apply the nonlocal Timoshenko beam theory for the vibration analysis of SWCNT, it is necessary to provide the value of e 0 . In this section, e 0 is calibrated using MDS results for the ͑5, 5͒ armchair SWCNT as shown in Fig. 1 . In the molecular dynamics simulation performed by MATERIALS STUDIO, the interatomic interactions are described by the COMPASS force field ͑condensed-phased optimized molecular potential for atomistic simulation studies͒, 9, 16, 17 which has been proven to be applicable for describing the mechanical properties of carbon materials. The MDS is carried out at room temperature. The natural frequencies for the first four flexural modes of a ͑5, 5͒ armchair SWCNT with various length-to-diameter ratios are shown in Table I . The boundary conditions are either clamped-clamped ͑CC͒ or clamped-free ͑CF͒. The results are reasonable because with the increase of , the frequencies decrease. Furthermore, the frequencies under CC boundary condition are also greater than those from CF boundary condition.
These natural frequencies from MDS can be adopted to serve as a basis for calibrating quantitatively e 0 that are to be used in SWCNT nonlocal vibration solutions. For example, consider the ͑5, 5͒ armchair SWCNT with carbon bond length a = 0.14 nm, diameter d = 0.678 nm, Young's modulus E = 5.5 TPa, Poisson's ratio = 0.19, and effective tube thickness t = 0.066 nm. 18 Using Eq. ͑17͒ and MDS results, e 0 values are found for various length-to-diameter ratios and mode shapes and they are plotted in Fig. 2 . Similar results for CF boundary condition are shown in Figs. 3 and 4 . Figure 2 shows the calibrated e 0 for the first four flexural modes of SWCNT with clamped ends. It can be seen that e 0 is not a constant value, but it depends on the length-todiameter ratio and the vibration modes. Also the range of e 0 is rather wide from a value of near 0-4. This result is significantly different from the constant value of 0.288 adopted by Wang 3 There is a critical value of ͑for different modes͒ after which the scaling parameter e 0 takes on a zero value; in other words, the beam theory reduces to a local beam model. Figure 3 shows the calibrated e 0 for the second, third, and fourth flexural modes of SWCNT with CF boundary condition. The variation of e 0 in terms of and vibration mode is similar to that shown in Fig. 2 for the CC case.
In order to find the reason for the existence of these aforementioned critical values of at which e 0 = 0, we study the kinetic energy T and the strain energy U for the first mode under CC and CF boundary conditions by setting e 0 = 0. By substituting the frequency parameter , which is calculated from Table I using Eq. ͑4͒, into Eq. ͑10͒ and then normalizing the displacement shown in Eq. ͑8͒ with C 1 =1, the kinetic energy T and the strain energy U can be calculated from Eqs. ͑18͒ and ͑19͒. The results are presented in Table II . It should be noted that with e 0 = 0, the kinetic energy T and the strain energy U are not equal. For example, in CC case at the beginning, say, = 5.26, T is greater than U. With the increase of value, T will become smaller than U. There is a particular ͑or critical͒ value where T and U are equal. In order to make the kinetic energy T and the strain energy U to be equal, the value of e 0 can be varied from 0 to a positive value, say, e 0 * . However, such e 0 * only exists when T Ͼ U as shown in Table II . Therefore, the critical value of for the existence of e 0 is determined by the intersection point of kinetic energy and the strain energy. Such an observation is also valid for CF case. Physically, the scaling parameter e 0 distributes part of the kinetic energy T to the strain energy U so as to these two forms of energy equal. This can also be deduced from Eqs. ͑18͒ and ͑19͒. Figure 4 shows the calibrated e 0 for the first flexural mode for SWCNT with CF boundary condition. The trend of e 0 with respect to is the reverse of that shown in Figs. 2 and 3. After the critical value of , e 0 increases almost proportionally with respect to . The e 0 value can be as high as 19 when = 15. This observation is a few orders of magnitude larger than the published result of e 0 .
In order to have a deeper insight into this discovery, the kinetic energy T and the strain energies U 1 , U 2 , and U 3 for the first mode of SWCNT with CC and CF boundary conditions are calculated using the similar procedure as was done for the results in Table II. Table III shows a comparison study of the kinetic energy T and strain energies U 1 , U 2 , and U 3 .It can be seen that the strain energy U 3 due to small scale effect has an opposite sign when we compare the results for CC and CF boundary conditions. This sign is due to the difference in mode shapes. Also the relationship between T and U 1 is the reverse of that of the CC case, i.e., T Ͻ U 1 while in the CF case, T Ͼ U 1 . The different energy distributions among the kinetic energy T and the strain energies U 1 , U 2 , and U 3 for CC and CF boundary conditions may be responsible for the trend of the e 0 that increases proportionally with increasing for the first mode under CF boundary condition.
IV. CONCLUDING REMARKS
Presented herein is a calibration of the small scaling parameter e 0 in the nonlocal Timoshenko beam theory using MDS results ͑at room temperature condition͒ for use in the free vibration analysis of SWCNT. Instead of taking on a fixed value, the calibrated values of e 0 are found to vary between 0 and 19 depending on the length-to-diameter ratio , boundary conditions, and mode shapes. Physically, the scaling parameter e 0 distributes part of the kinetic energy to the strain energy so that the two forms of energy are equal in magnitude. Therefore, the kinetic energy must be greater than or at least equal to the strain energy when e 0 = 0, so that one positive value of e 0 may exist to enable the balance of kinetic energy and strain energy. The condition where the kinetic energy and the strain energy are equal determines the critical value of the length-to-diameter ratio , where e 0 exists after this critical value. The mode shapes may be responsible for the trend of e 0 , i.e., whether it creases or decreases with respect to the length-to-diameter ratio .
The calibrated e 0 presented herein should be useful for researchers who are applying the nonlocal Timoshenko beam theory for vibration of nano rods/beams/tubes. TABLE II. Comparison of kinetic energy and strain energy of the first mode with e 0 = 0 for SWCNT with CF and CC boundary conditions. e 0 * is the value to make kinetic energy T and strain energy U to be equal. to state that the adopted value of the scaling parameter e 0 depends on the crystal structure in lattice dynamics and the nature of physics under investigation. He also estimated that the scale coefficient e 0 a Ͻ 2.0 nm for a SWCNT if the measured wave propagation frequency value is assessed to be greater than 10 THz. Although e 0 is a key parameter in the nonlocal elasticity theory, there is hitherto no rigorous study being made on estimating the scaling parameter e 0 for various physical problems.
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In the present paper, we shall attempt to calibrate e 0 for the free vibration problem of SWCNT by using the nonlocal Timoshenko beam theory and MDSs performed at room temperature. Closed form solutions for free vibration of CNT of various boundary conditions using the nonlocal Timoshenko beam theory were recently derived by Wang et al. 7 By specializing these solutions, we can obtain the solutions for the SWCNT which of course have a specific geometrical cross section. Natural frequencies for a ͑5, 5͒ armchair SWCNT with various length-to-diameter ratios under clampedclamped ͑CC͒ and clamped-free ͑CF͒ boundary conditions are investigated using the commercial MD software MATERI-ALS STUDIO. These MD frequencies are then used to calibrate the e 0 embedded in the closed form vibration solutions of SWCNT. Figure 1 shows the cross section of a ͑5, 5͒ armchair SWCNT. For such small beamlike structures, many researchers have applied the nonlocal elasticity concept for the bending, buckling and vibration analyses. 2, 6, [8] [9] [10] [11] [12] [13] Recently, Wang et al. 7 derived the closed form solutions for the free vibration problem of nanobeams using the nonlocal Timoshenko beam theory. The solutions may be specialized for CNT by assuming that it is a hollow cylinder, i.e., the CNT is viewed as a thin-walled circular tube. 10 Consider the mass and stiffness properties of SWCNT that is viewed as a thin-walled circular tube,
II. CLOSED FORM VIBRATION SOLUTIONS FOR CNT USING NONLOCAL TIMOSHENKO BEAM THEORY
where is the mass density, m the total mass, the Poisson ratio, E Young's modulus, G the shear modulus, K s the shear correction factor ͑to compensate for the error in assuming a constant shear strain/stress over the beam thickness in the Timoshenko beam theory͒, I the second moment of area, t the tube thickness, d the tube diameter, L the length, and A the cross-sectional area of SWCNT.
The dimensionless governing equations for the free vibration of nonlocal Timoshenko beam may be written as
where is the longitudinal coordinate measured from one end of the beam, w the transverse displacement ͑normalized by L͒, and the bending rotation. The other nondimensional terms are defined as follows:
where e 0 a is the scale coefficient that incorporates the small scale effect. Note that a is the internal characteristic length ͑e.g., lattice parameter, C-C bond length, and granular distance͒ and e 0 is a calibration constant appropriate to each material.
In the derivation of Eqs. ͑2͒ and ͑3͒, the following nonlocal constitutive relation for one dimensional case is adopted:
where xx is the normal stress and xx is the normal strain. Askes and Aifantis 14 argued that for wave propagation of high wave number, a high-order inertia term may be added in Eq. ͑5͒. Therefore, in the present paper, the analysis of vibration characteristics is confined to the first four modes.
Equations ͑2͒ and ͑3͒ may be uncoupled to produce two fourth-order differential equations in terms of w and as shown below,
ͪ=0.
͑7͒
The general solutions for Eqs. ͑6͒ and ͑7͒ are, respectively, given by 
The constants C i and D i are, however, not independent of one another. Through Eq. ͑3͒, they are related as follows:
where ⌿ ␤ =−͑␤ + g 2 /8␤͒ and ⌿ ␥ = ␥ − g 2 /8␥. Consider SWCNT with two kinds of end conditions, i.e., clamped-clamped ͑CC͒ and clamped-free ͑CF͒. 
͑13͒
where the bending moment M ͑normalized by EI/ L͒ and shear force Q ͑normalized by K s GA͒ are given by
͑19͒
͑22͒
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